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find that the black hole is stable only in the extremal case Q =M .
⋆ email addresses: vaxtov::fucito and fucito@roma2.infn.it
† Permanent address: Dipartimento di Fisica, Universita` di Milano, 20133 Milano, Italy and
INFN, Sezione di Pavia, Via Bassi 6, 27100 Pavia, Italy
If string theory is to describe a quantum theory of gravity, it is certainly im-
portant to investigate what happens to it around singular backgrounds and how
such backgrounds are generated. Addressing the first issue leads to the conclu-
sion that in certain cases the propagation of strings through backgrounds which
are singular in the sense of classical gravity, is followed by the excitation of an
infinite number of modes of the string itself.
[1]
For what the second problem is con-
cerned, black hole type singularities were first obtained by satisfying the equations
of motion arising from the four dimensional low-energy Lagrangian, obtained from
string theory, which describe the coupling of gravitational, dilatonic, Maxwell and
antisymmetric fields.
[2]
Recently a new way to generate 2-D black hole backgrounds has been devised
[3]
gauging a WZW model built on a coset manifold.
The black holes obtained in Ref.2 have been throughly analized in a recent
series of papers.
[4] [5]
Quite surprisingly, the black holes obtained in this fashion
exhibit different thermodynamical properties from those obtained from general
relativity. In some instances, for example, their scattering behaviour is more similar
to that of an elementary particle than a thermal object.
The purpose of this letter is to analyze the behaviour of a four dimensional black
hole obtained along the lines of Ref.3: we study how it behaves under geometrical
perturbations and we will briefly describe its thermodynamical properties which
turn out (in the extremal case) to be different both from those of black holes
obtained from classical gravity and those of Ref.4. The study of perturbations of
stringy black holes in two and four dimensions has been carried out in Ref.6, 5, 7.
Our results are different from those of Ref.7: the black hole under study is stable
under perturbations of the metric only in the extremal case, thus supporting the
conjecture that extremal black holes might be stable “quantum” ground state for
the underlying theory.
We now turn to the derivation of a four dimensional black hole following Ref.7,
1
8. The starting point of our analysis is the WZW action:
L(g) =
kTr
4π
∫
Σ
d2σ
(
g−1∂+gg
−1∂−g
)− ∫
B
d3y
3
(
g−1dg ∧ g−1dg ∧ g−1dg)
 , (1)
where the integrals are over the three manifold B and its boundary Σ. We now
gauge a one dimensional subgroup H of the symmetry group, with action g →
hgh−1, and introduce the gauge field Ai, whose gauge transformations are:
δa = 2ǫa,
δb = −2ǫb,
δu = δv = 0,
δxi = 2ǫci,
δAi = −∂iǫ.
(2)
Raiten proposal follows by adding two free bosons x1 and x2 to the 2-d black hole
of Ref. 3, that is by letting G = SL(2, R) × R × R, and by modding out the
translations in both x1 and x2. Parametrizing SL(2, R) as:
g =
(
a u
−v b
)
, (3)
the gauged WZW action which is invariant under (2) becomes:
L(g, A) = L(g) +
k
2π
∫
d2σA+
(
b∂−a− a∂−b− u∂−v + v∂−u+ 4ci
k
∂−xi
)
+
k
2π
∫
d2σA−
(
b∂+a− a∂+b+ u∂+v − v∂+u+ 4ci
k
∂+xi
)
+
2k
π
∫
d2σA+A−
(
1 +
2c2
k
− uv
)
,
(4)
where a sum over i = 1, 2 is assumed, and c1, c2 are constants such that:
c2 = c21 + c
2
2. (5)
We then fix the gauge by setting a = ±b, depending on the sign of 1− uv, and we
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choose to work in the ansatz:
c1 = c2 =
√
k
2
(
M2
Q2
− 1
)−1/2
. (6)
By making the transformation of variables:

u = e
√
2
k
(
1− Q
2
M2
)1/2
t ( r
M − 1
)1/2 (
1− Q2M2
)−1/2
,
v = −e−
√
2
k
(
1− Q
2
M2
)1/2
t ( r
M − 1
)1/2 (
1− Q2M2
)−1/2
,
(7)
and integrating out the gauge fields, the WZW action finally turns out:
L =
1
π
∫
d2σ
[
gµν∂−x
µ∂+x
ν +
1
2
Bµν(∂−x
µ∂+x
ν − ∂+xµ∂−xν)
]
, (8)
where gµν is the 4-d metric, Bµν an antisymmetric tensor field, and x
µ = (t, r, x1, x2).
It is then almost straightforward to show that requiring the fields to be an ex-
tremum of the low energy effective action from string theory:
S =
∫
d4x
√−g eΦ
[
R + (∇Φ)2 − H
2
12
+
8
k
]
, (9)
and redefining x1, x2 coordinates as:
{
x1 =
1√
2
(x+ y),
x2 =
1√
2
(x− y), (10)
the final form of the fields is:
ds2 = −
(
1− M
r
)
dt2 +
(
1− Q
2
Mr
)
dx2 + dy2 +
k dr2
8(r −M)(r −Q2/M) , (11)
Hrtx =
Q
r2
, (12)
3
Φ = ln(r) +
1
2
ln
(
k
2
)
, (13)
where H=˙d B. The field equations coming from this effective action are:
⋆
∇λ(eΦHλµν) = 0, (14)
− H
2
6
+∇2Φ + (∇Φ)2 − 8
k
= 0, (15)
Rµν = ∇µ∇νΦ + 1
2
gµν
(
∇2Φ+ (∇Φ)2 − 8
k
− H
2
6
)
+
H2µν
4
=˙ Tµν , (16)
dH = Hµνλ,ρ −Hνλρ,µ +Hλρµ,ν −Hρµν,λ = 0. (17)
Let us now summarize the global structure of the above metric:
• Q > M . Contrary to the charged black holes of general relativity, in this
regime our black hole exhibits neither a horizon nor a curvature singularity
(naked singularity).
• Q < M . The solution has a curvature singularity and two Killing horizons:
an outer horizon at r = r+ = M and an inner horizon at r = r− =
Q2
M .
Opposed to the general relativity black hole the generator of time transla-
tions, remains space-like also for r < r−. As a consequence the manifold is
time-like and light-like geodesically complete.
• Q = M . This is the extremal case in which r+ = r−. With respect to the
general relativity solution, we notice that the metric is boosted along the x
direction.
⋆ Our equation (16) contains a H2
µν
term which is not present in (4.3) of Ref.7 and which will
make the final equations look quite different.
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We now discuss the thermodynamics. The temperature and entropy of our
black hole are:
T =
1
πM
√
M2 −Q2
2k
, (18)
S =
A
4
∣∣∣∣
r+
=
π2
2
(
1− r−
r+
)1/2
, (19)
where the coordinates x, y are now periodic: x ∈ [0, 2π], y ∈ [0, π] and A is the
horizon area. We here remark the difference with the other stringy black hole of
Ref.4 which has a temperature T = 18πM , independent of the charge.
In the extremal case the black hole under study has zero entropy and temper-
ature while the classical gravity (string) solution has zero ( 18πM ) temperature and
finite (zero) entropy.
⋆
Let us now investigate the range of validity of the thermal description of the
black hole defined by (11). According to Ref.4:
∂T
∂M
∣∣∣∣
Q
=
Q2
π
√
2kM2(M2 −Q2)1/2 ≫ 1, (20)
for the thermal description to break down. This is the case for the extremal hole
where Q −→ M . This is true independently of the value of the mass similarly to
what happens to the black hole of Ref.4 but in contrast with the extreme Reissner-
Nordstro¨m solution.Following Ref.9 we now discuss the domain of validity of the
semi-classical approximation. This approximation breaks down when:
1
M
∂M
∂t
≃ T. (21)
Using the Stefan-Boltzmann radiation law, this implies TM ≃ AT 4. In the ex-
tremal limit T 7→ 0 and the previous formula is satisfied independently of the value
of the mass.
⋆ The authors of Ref.2 consider also a model with a parameter a which interpolates between
the classical gravity case (a = 0) and the string case (a = 1). The thermodynamical
properties of the black hole under study are thus equivalent to the case 0 < a < 1.
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Let us now study the perturbations of the metric field. We rewrite the metric
as:
gµν =

−e2f0 0 0 0
0 e2f1 0 0
0 0 e2f2 0
0 0 0 e2f3
 , (22)
and let us take as an ansatz for the axial and polar perturbations a sufficiently
general definition consistent with time-dependence and axial simmetry:
δgµν = δg
A
µν + δg
P
µν =

−2δf0e2f0 −χ0e2f1 0 0
−χ0e2f1 2δf1e2f1 −χ2e2f1 −χ3e2f1
0 −χ2e2f1 2δf2e2f2 0
0 −χ3e2f1 0 2δf3e2f3
 , (23)
with xµ = (t, x, y, r). In view of our choice, the first order perturbations δfµ, χµ
are x independent.
We now have to compute the first order variation of the equation of motion
(14)-(17). Following Ref.10 we compute the variation of the energy-momentum
tensor in the tetrad formalism. We thus rewrite the metric as: gµν = e
(a)
µ e
(b)
ν η(a)(b).
The variations of the tetrads are:
δeµ(0) = (−δf0e−f0 , χ0e−f0 , 0, 0),
δeµ(1) = (0, −δf1e−f1 , 0, 0),
δeµ(2) = (0, χ2e
−f2 , −δf2e−f2 , 0),
δeµ
(3)
= (0, χ3e
−f3 , 0, −δf3e−f3).
(24)
The variation of the components of the energy-momentum tensor are:
δT(1)(2) = 0, (25)
δT(1)(3) =
e−2f2
2r
[
e−2f0−f1
Q
r
(
δH320 +
Q
r2
χ3
)
+ ef1χ23
]
, (26)
6
δT(0)(0) = e
−2f0−2f1−2f2
[
Q
r2
δH012 − Q
2
r4
(δf0 + δf1 + δf2)
]
+
− e−2f2
(
f0,2δΦ,2 +
δf0,2
r
)
−∆,
(27)
δT(1)(1) =
Q2
r4
e−2f0−2f1−2f2(δf0 + δf1 + δf2) + e
−2f2
(
f1,2δΦ,2+
+
δf1,2
r
)
− 8Q
k
δH012 +∆,
(28)
δT(2)(2) =
Q2
r4
e−2f0−2f1−2f2(δf0 + δf1 + δf2)) +
e−2f2
r2
[2δf2(1 + rf2,2)+
− δf2,2r + r2(δΦ,2,2 − f2,2δΦ,2)]−
8Q
k
δH012 +∆,
(29)
δT(3)(3) =
e−2f2−2f3
r
δf3,2 + e
−2f3δΦ,3,3 +∆, (30)
δT(0)(2) = −
e−f0−f2
r
(δf2,0 + rf0,2δΦ,0), (31)
δT(0)(3) =
Q
2r2
e−f0−2f1−2f2δH123, (32)
δT(2)(3) = −
Q
2r2
e−2f0−2f1−f2δH013 − e
−f2
r
δf2,3, (33)
where:
∆=˙− 1
2
e−2f0δΦ,00 +
4r2
k
e2f0+2f1δΦ,22 +
1
2
δΦ,33 +
4r
k
(
3− 2M
r
+
− 2Q
2
Mr
+
Q2
r2
)
δΦ,2 +
4r
k
e2f0+2f1(δf0 + δf1 − δf2 + δf3),2 − 8
k
δf2+
− 8Q
2
kr2
(δf0 + δf1) +
8Q
k
δH012.
(34)
After defining χαβ=˙χα,β − χβ,α, we are now ready to write all the perturbation
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equations at first order:
χ23,3 − e−2f0χ20,0 = 0, (35)
e−2f1−f0+f2
[(
e3f1+f0−f2χ23
)
,2
+
(
e3f1−f0+f2χ30
)
,0
]
=
= −1
r
[
e−2f0−f1
Q
r
(
δH320 +
Q
r2
χ3
)
+ ef1χ23
]
,
(36)
e−2f0δf1,00 −
8r2
k
e2f0+2f1δf1,22 − δf1,33 +
4Q2
Mk
e2f0(δf2 − δf3 − δf0),2+
− 8r
k
(
1 +
Q2
2Mr
− 3Q
2
2r2
)
δf1,2 −
8Q2
kMr
(
1− 2M
r
− Q
2
Mr
+ 2
Q2
r2
)
e−2f1δf2 =
8Q
k
[
Q
r2
(δf0++ δf1 + δf2)− δH012
]
+
4Q2
Mk
e2f0δΦ,2 +
8r
k
e2f0+2f1δf1,2,
(37)
e−2f0δf2,00 −
8r2
k
e2f0+2f1(δf0 + δf1 + δf3),22 − δf2,33 −
8r
k
(
1− Q
2
2Mr
+
+
M
2r
− Q
2
r2
)
δf0,2 +
4M
k
(
1 +
Q2
M2
− 2Q
2
Mr
)
δf2,2 −
4r
k
(
2− M
r
+
− Q
2
Mr
)
δf3,2 −
8r
k
(
1− M
2r
+
Q2
2Mr
− Q
2
r2
)
δf1,2 +
8M2
kr2
(
1 +
Q4
M4
+
+
5Q2
M2
− r
M
+
3Q4
M2r2
− Q
2r
M3
− 4Q
4
M3r
− 4Q
2
Mr
)
e−2f0−2f1δf2 =
=
8Q
k
[
Q
r2
(δf0 + δf1) +
1
Q
(
3Q2
r2
− M
r
− Q
2
Mr
)
δf2 − δH012
]
+
+
8r
k
e2f0+2f1(rδΦ,22 − δf2,2) +
4r
k
(
2− M
r
− Q
2
Mr
)
δΦ,2,
(38)
− e−2f0(δf1 + δf2 + δf3),00 + 8r
2
k
e2f0+2f1δf0,22 +
8r
k
(
1 +
M
2r
+
− 3Q
2
2r2
)
δf0,2 + δf0,33 +
4M
k
e2f1(δf1 − δf2 + δf3),2 + 8M
kr
(
1− M
r
+
− 2Q
2
Mr
+
2Q2
r2
)
e−2f0δf2 =
8
k
[
Q
[
δH012 − Q
r2
(δf0 + δf1 + δf2)
]
+
− re2f0+2f1
[
M
2r
δΦ,2
e2f0
+ δf0,2
]]
,
(39)
8
e−2f0δf3,00 −
8r2
k
e2f0+2f1δf3,22 − (δf0 + δf1 + δf2),33 =
=
8r
k
e2f0+2f1δf3,2 + δΦ,33,
(40)
− ref1(δf1 + δf3),02 + 1
2
Q2
Mr
e−f1δf2,0 +
M
2r
e−2f0
[
ef1δf3,0+
+
(
1− Q
2
M2
)
e−f1δf1,0
]
= −ef1
[
δf2,0 +
M
2r
e−2f0δΦ,0
]
,
(41)
− e−f0(δf1 + δf2),03 = 4Q
k
ef0δH123, (42)
− ef1
(
ref0(δf0 + δf1),23 +
1
2
M
r
e−f0δf0,3
)
+
1
2
e−f1
[(
1− 2Q
2
Mr
+
+
Q2
M2
)
M
r
e−f0δf2,3 −
Q2
Mr
ef0δf1,3
]
= −ef0+f1δf2,3 −
Q
2r
e−f0−f1δH013,
(43)
k
8
e−2f0−2f1δH013,3 +
[
r2δH012 +Q(δf3 + δΦ− δf0 − δf1 − δf2)
]
,2
= 0, (44)
e2f0δH123,3 −
[
δH012 +
Q
r2
(δf3 + δΦ− δf0 − δf1 − δf2)
]
,0
= 0, (45)
δH013,0 +
8r
k
e2f0+2f1
[
re2f0δH123,2 +
(
2− M
r
)
δH123
]
= 0, (46)
(
δH320 +
Q
r2
χ3
)
,0
= 0, (47)
(
δH320 +
Q
r2
χ3
)
,3
= 0, (48)
(
δH320 +
Q
r2
χ3
)
,2
+
1
r
(
2− Q
2
Mr
)
e−2f1
(
δH320 +
Q
r2
χ3
)
= 0, (49)
δH123,0 + δH013,2 − δH012,3 = 0, (50)
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∆ = 0. (51)
Following the ansatz (23) on the perturbations of the metric we shall divide
our equations (35)-(51) into two sets which we will call axial and polar. The
equations for the axial (polar) perturbations will contain only δH1αβ , χ0, χ2, χ3
(δH320, δf0, δf1, δf2, δf3, δΦ). The behaviour of the perturbations which is consis-
tent with our previous ansatz is:
{
δf(r, t, y) = δf˜(r) · eiωt · eipy,
δχ(r, t, y) = δχ˜(r) · eiωt · eipy.
(52)
Axial Perturbations
We now consider the equations for the axial perturbations only. From (49):
χ˜3 =
Q3
M2
e−2f1 . (53)
Deriving (35), (36) with respect to y, r, using χ30,02 = ω
2χ23 + χ20,03 and
summing, we finally obtain:
8
k
[(
e4f1+2f0rχ˜23
)
,2
e−2f1+2f0r + re4f0+2f1χ˜23 +
Q5
M2r2
e−2f1+2f0
]
,2
= −ω2χ˜23 + p2e2f0 χ˜23.
(54)
Defining:
χ˜23 = r
−1e−4f1−2f0e−
1
2
∫
dr∗ X1(r
∗)Y, (55)
whereX1=˙
√
8
ke
2f0+f1−3∂r∗f1. Introducing the “tortoise” coordinate dr∗dr =
√
k
8
1
re
−2f0−f1 ,
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we get:
(∂2r∗ + ω
2)Y = V (r, Q,M)Y + J(r, Q,M), (56)
where:
V =
[
2
k
(
1− 3M
r
+
3Q2
Mr
− Q
4
4M2r2
− 2Q
2
r2
+
5Q4
4Mr3
)
e−2f1 + p2
]
e2f0 , (57)
and:
J =
8Q5
kM2r3/2
(
2− 3M
r
− Q
2
Mr
+
2Q2
r2
)
e2f0−3/8f1 . (58)
The effective potential (57) is positive definite only for Q = M and it is plotted
in Fig. 1. In this limit:
r∗ =
√
k
2
[
ln
[( r
M
)1/2 (
1 + ef0
)]
− e−f0
]
, (59)
 r
∗ → −
√
k
2e
−f0 → −∞ as r → M+
r∗ →
√
k
8 ln
(
4r
M
)→ +∞ as r → +∞. (60)
In the extremal case the differential equation (56) has an essential singularity
at r = M and a regular singularity at +∞. Y could be singular only in this
two points. By studying the dominant behaviour of the solutions around the two
singularities, we find:
• r∗ = +∞: Y = c1e−
iγ√
2k
r∗
+ c2e
+ iγ√
2k
r∗
, γ =
√
4 + 2k(p2 − ω2).
• r∗ = −∞: Y = c1e+iωr∗ + c2e−iωr∗ + d(r∗)−5/2
Even if the J term destroys the superposition principle, the finiteness of the
solution with respect to time evolution can still be proved along the lines of Ref.10,
11
11. Let us not impose any particular time dependence for Y . Then for the resulting
differential equation a conservation law is easily found:
∫
dr∗
[∣∣∣∣∂Y∂t
∣∣∣∣2 + ∣∣∣∣∂Y∂r∗
∣∣∣∣2 + V ∣∣Y ∣∣2
]
= C − 2
∫
dr∗ JRe(Y ). (61)
C is a positive constant given the behaviour of J which goes to zero for r∗ 7→ ±∞.
Moreover the Y function is everywhere well behaved as it follows from Fuch’s the-
orems on the solution of this type of differential equation and from the asymptotic
analysis we have done earlier. The behaviour of Y around r∗ = ±∞ is the same
as that of the wavefunction coming from the homogeneous Schro¨edinger equation.
From these condiderations it follows that |∂Y∂t |2 is bounded.
Polar Perturbations
We now turn to the polar perturbations. Their equations are:
δf˜0 =
(
3M
2r
− 1
)(
1 +
M
2r
)−1
δf˜2, (62)
∂r∗(δΦ˜) = −
√
8
k
M
r
ef0(δf˜0 − δf˜2), (63)
∂r∗(δf˜0 − δf˜2) = −1
2
√
8
k
M
r
ef0
[
δf˜0 −
(
1 +
2r
M
)
δf˜2
]
, (64)
(∂2r∗ + ω
2)(δΦ˜) +
√
8
k
(
1− M
2r
)
ef0∂r∗(δΦ˜) =
[
p2δΦ˜+
+
8M
kr
[(
1 +
M
r
)
δf˜0 + e
2f0δf˜2
]]
e2f0 ,
(65)
(∂2r∗ + ω
2)(δf˜0) +
√
8
k
(
1− M
2r
)
ef0∂r∗(δf˜0) =
[
p2(δΦ˜ + δf˜0)+
+
8M
kr
(
1 +
M
r
)
δf˜0
]
e2f0 ,
(66)
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(∂2r∗ + ω
2)(δf˜0 − δΦ˜) +
√
8
k
(
1− M
2r
)
ef0∂r∗(δf˜0 − δΦ˜) =
= p2e2f0(δΦ˜ + δf˜0),
(67)
(∂2r∗ + ω
2)(δf˜2) +
√
8
k
(
1− M
2r
)
ef0∂r∗(δf˜2) =
[[
p2 +
4M
kr
(
4+
− 3M
r
)]
δf˜2 +
4M2
kr2
δf˜0
]
e2f0 .
(68)
It is easy to see that the only consistent solution of such a system of equations is
δf˜i = δΦ˜ = 0, i = 0, · · · , 3. This is likely pointing out that our system has some
extra simmetries we have not been able to isolate.
Test Field
The last computation we perform before concluding is that of the effective
potential of a test spinless boson in the background of our black hole geometry.
We thus study the equation:
∇2φ = 1√−g∂µ(
√−ggµν∂νφ) = 0. (69)
This equation is separable and leads to:
φ(r, t, y, x) = ψ(r)X(x)Y (y)T (t) = ψ(r)eik1xeik2yeik3t. (70)
In the extremal case we get:
∂2rψ +
[
2
r −M −
1
r
]
∂rψ −
[
k22
(r −M)2 −
r(k23 − k21)
(r −M)3
]
ψ = 0. (71)
Using the “tortoise” coordinate and the integrating factor ψ = e−1/8f0Z, we finally
get the Shro¨edinger-like equation (∂2r∗ + k
2
3)Z = V̂ Z with effective potential:
V̂ =
M
kr3
[
−7M
2
2
+
11Mr
2
− (2 + kk22)r2
]
+ k21 + k
2
2. (72)
This effective potential has not a definite sign. When it is negative we have the
standard super-radiant behaviour and, using the notations of Ref.4, a finite mass
gap for k2 = 0 and k
2
3 < k
2
1.
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FIGURE CAPTIONS
1) The effective potential in the extremal case for p2 = 0.
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